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Abstract

It often occurs in the celestial mechanics a linear differential equation with a
periodic coefficient

d’z 2 / /
W+m z=2xcosw, w =At+0,
where m, A\, § are given constants and ¢ is a small given constant.
In the present paper I give a solution and its mean motion of the above equation
up to the 6th order of ¢ by making use of Lindtstedt’s method which does not give

rise to mixed secular terms.

1 Gyldén-Lindstedt Equation

In the present paper we consider a linear differential equation

d?z
ol m?’z = 2excosw’, w =At+fF, (e:small parameter) (1)
It is a particular case of a linear differential equation with periodic coefficients

d2
d—tf + z2(q* + 2¢1 cos 2t + 2gy cosdt 4+ ) = 0

The particular equation (1) and the general equation were studied by Gyldén ([1], [2]), Lind-
stedt ([3]~([6]), Bruns ([7]), Callandreau ([8]) and others ([9], [10], [11]). As the equation (1)
was first discussed by Gyldén and Lindstedt, Tisserand named it Gyldén-Lindstedt Equation.

2 Solution having mixed secular terms
In order to solve Gyldén-Lindstedt equation we put

T=xg+Ex + 2Ty + T3 + -+ (2)



and substitute it in equation (1). By equating terms of the same order of €, we get

Fo + m2zy =0, (3)
#1 + mPz, =2z cosw’, (4)
Fo + M2y =211 cosw, (5)
&3 + m?zs =2y cosw, (6)
2.1 Oth order solution
From (3) we obtain
Tg =mnocosw, w=mt+a, (7)

where 779 and « are integral constants,

2.2 1st order solution

By substitution of (7) in the right hand side of (4), we get
r.h.s. = 2z cosw’ = ngcos(w + w') + ng cos(w — w');
by putting z1 = 1o{ By cos(w + w’) + Cy cos(w — w') }, Lhus. of (4) gives

) =770{ — (m 4 A)?By cos(w +w') — (m — X)*Cy cos(w — w')},

m*z; =no{m’B; cos(w + w') + m*Cy cos(w — w')}

Equating coefficients of cos(w +w’) and cos(w — w’) of both sides respectively, we get following
equations from which we can determine A; and Bj as functions of m and A :

{m2 — (m+ A)Q}Bl = 1, B1 = m, (8)
{m*—=(m-X?}Ci=1, ..C= S (9)

m?—(m— A2’
Therefore we obtain as a first order solution

1 1

1 =1 {m—z:(—m cos(w +w') + 5 cos(w — w')} (10)

m? —(m—\)

2.3 2nd order solution

By substitution of (10) in the right hand side of (5), we get

rhs. =2z cosw’ = no{ By cos(w + 2w') + By cosw + C cosw + Cy cos(w — 2w') } ;



by putting zo = no{Astsinw + By cos(w + 2w') + Cy cos(w — 2w')}, Lhus. of (5) gives

Ty = 770{2 mAsy cosw — m2A, tsinw
— (m + 2X)?B; cos(w + 2w') — (m — 2X)2C; cos(w — 2u') },
m*zy =no{m®As t sinw + m’ By cos(w + 2uw’) + m*C cos(w — 2w') }
Adding the above two equations (= Z,+m?2x,), we see that a mixed secular term # sin w vanishes.

Equating coefficients of cos w, cos(w + 2w’) and cos(w — 2w’) of both sides respectively, we get
following equations

1 1
2mdy = By + € = m? — (m + \)? +m2—(m—)\)2’
1
2— 2 — = -
{m (m—!—2)\) }B2 Bl mz— (m+)\)2,
1

{m2—(m—2/\)2}02 :Cl =

m2 — (m — \)2’

From these equations Ay, By, Cs can be detemined as functions of m and ) :

A2=%(Bl+01) =%{m2_(;+k)2+m2_(:ﬂ_w} (11)
1 1

B o P Tne (ot N} {2 = (m 207 (12)
1 1

2= m2 — (m — 2X)? 1= {m2 — (m—X)2Hm? — (m — 2))2} (13)

Finally we obtain as a second order solution

1 .

T Zﬁo{—mtsmw
1

{m? — (m + A)2}{m? — (m + 2X)2}
1 /

{mz— (m—A)2}{m2— (m—2/\)2} cos(w~2w)} (14)

+

cos(w + 2w')

+

2.4 3rd order solution
Substitution of (14) in the right hand side of (6) gives
r.h.s. =17 [Ag t{sin(w + ') + sin(w — v') }
+ Ba{ cos(w + 3w’) + cos(w + w') } + Co{ cos(w — w') + cos(w — 3w')}]
By putting

z3 =no A5 tsin(w + w') + Aj tsin(w — w')



+ Bjcos(w + w') 4+ By cos(w + 3w') + Cj cos(w — w') + C§ cos(w — 3w')]
the left hand side of (6) gives

i3 =no{ — (m+ X)?Ajtsin(w + w') — (m — X)?Aj tsin(w — w')
+ 2(m 4+ \)Aj cos(w + w') + 2(m — X) A3 cos(w — w')
— (m + A)?Bjcos(w +w') — (m + 3X)2BY cos(w + 3w')
— (m = X)*Cj cos(w — w') — (m — 3X)*C4 cos(w — 3uw') }
mPzs =no{m? A tsin(w + w') + m*Aj tsin(w — w')
+ m?Bj cos(w + w') +m? By cos(w + 3w')
+ m?Cy cos(w — w') + m*CY cos(w — 3uw') }
Comparing coefficients of both sides, we get following equtions from which we can determine
4, A% BS, BY C4, CY as functions of m and A :
{m? — (m+ N2 A = Ay, - Ay = A (15)
' m2 — (m+ A)?
‘ A
2 2 " . " o__ 2
{m? = (m = A’} A3 = A, .~A3—m (16)
By —2(m + \) A}

2(m+ M)A+ {m* — (m+A)?} B, = By, .. Bj= (17)

m2 — (m+ A)?
2(m — N Ay + {m? — (m - N?}C3 = Cy, .Ch= C;;f(g:i?;lg (18)
{m? —(m+ 30’} By = By, By =—— (ff+ e (19)
{m* —(m = 3\}C§ = Coy . Cf = —— (Sf_ N (20)

Finally we get a third order solution which is not explicitly written here.

3 Lindstedt’s Method of Solution — Solution not having mixed sec-
ular terms
The solution of Gyldén-Lindstet equation (1) obtained in the previous section had mixed
secular terms such as tsinw in x and ¢sin(w + w'), tsin(w — w') in x3.

The reason tsinw appears in z is that a term cosw occurs in the right hand side of (5). So
in order that cosw does not occur we slightly change (1) into

F+m*(l—v)=—m?vz +2ezrcosu (21)
If we assume here
n? =m?(1 -v) (22)



(21) becomes as follows :

2

i+n?z=—mivz+2excosw (23)

As secular terms appear in higher order terms than the first order of ¢, v of the right hand
side of (23) stars with the second order of ¢ :

V= 52V2 + 531/3 RN (24)
If o is defined as follows
n=m(l—o)=m(l—v)z (25)
o is expressed as a series of €
1 1 1
o= 5521/2 + -2—€3V3 + §64(1/§ +dvy) + - - (26)

In order to obtain expressions corresponding to (3) ~ (6), we substitute (2) into (23) (at this
stage we do not develop n of Lh.s. with respect to )

&g + nlzy =0, (27)
&1 +n?r; =22 cosw’, (28)
Fo 4+ 1’2y = — M2z + 22 COSW, (29)
i3+ nrs = — m*(vsxg + 1921) + 225 cOSW, (30)
#4 +nxy = — m(vazo + V321 + v213) + 223 cos W, (31)

3.1 Oth and 1st order solution

As (27) and (28) are of the same form with (3) and (4), we get solutions of zy and z; by
substituting m for n in (7) and (10) (we remark that n = m in the case of solutions of Oth and
1st order)

To ="nocosw, w=nt+a (32)
T = nO{Bfl) cos(w + w') + C cos(w — w')} (33)

where
B0 _ 1 | o _ 1 - 1 -

22— (n+AN2  AA+2n) Y T m—(m-MN2 A\ -2n)

3.2 2nd order solution
Substitution of (32) and (33) in the right hand side of (29) gives

r.hs. = no{—m2ycosw + Bgl){cos(w +2uw') + cosw} + C’l(l){cosw + cos(w — 2w')}}



= no{(=m?vy + BY + €M) cosw + BY cos(w + 2uw') + C cos(w — 2w')}

If we put

2

A2 — 4n?

a term of cosw vanishes in the right hand side of (29), which becomes

miu, = Bil) + C’fl) = -

r.h.s. of (29) = nO{Bfl) cos(w + 2u') + C cos(w — 2u')}

Now we put
Ty = 770{352) cos(w + 2w') + C8 cos(w — 2w')}

by which the left hand side of (29) gives

iy = no{ — (n+ 20)2B cos(w + 2u') — (n — 20)2CSY cos(w — 2w') }
n’zy = no{n2B§2) cos(w + 2u') + n?CS? cos(w — 2w')}

Comparson of coefficients of the both sides gives

{n? - (n+ 202} B = BY
{n?— (n— 2023057 = oY

from which Bém, C§2) are determined as follows :

2 n?—(n+2X\)?2 42X +n)(A+2n)
oo - O !

n? —(n—2X)2 - AX2(X — n)(\ — 2n)

3.3 3rd order solution
Next we put (32), (33) and (38) in the right hand side of (30), then it becomes

r.h.s. of (30) =ng [ —m?[vscosw + VQ{B:EI) cos(w +w') + C’fl) cos(w — w')}]

(35)

(36)

(37)

(38)

(39)

(40)

+ B {cos(w + 3uw') + cos(w + w')} + C {cos(w — w') + cos(w — 3w’)}]

In order not to occur a term of cosw in the above equation, we take
v =0;
by which the right hand side of (30) becomes

r.h.s. of (30) =no [ — mZyQ{BP cos(w + w') + CM cos(w — w')}

(41)

+ B§2){ cos(w + 3w') + cos(w + w') } + 052){ cos(w — w') + cos(w — 3w’)}]



Now we put

T3 = No [Bél) cos(w + w') + B cos(w + 3u') + CSY cos(w — w') + C cos(w — 3w’)] (42)

then the left hand side of (30) gives

i3 =mno{ — (n+ A)2BY cos(w + w') — (n + 3X\)2BE cos(w + 3w’
— (n = N)2C cos(w — w') — (n — 3)\)2CE cos(w — 3uw')}
n°"r3 =np N cosilw+tw)+n cos(w + sw
“3 =no{n’ By cos(w + ) +n*By? cos(w + 3u)

+ 1208 cos(w — w') + nQC?EB) cos(w — 3w') }
Comparison of coefficients of the both sides gives the following equations
{n? = (n+AN?}BY = —m*,BY + BY,  {n® - (n+3))?}BY = BYY
{n? = (n- N2 = —m2,CM + O, {n? - (n-302}CP = ¢

from these equations

o _ B+ BY B
3 n?—(n+A)?2 "’ 52— (n+3))2
oW —m?C + CF o® _ 5
3 n?—(n-—2A2 "’ 3 n? — (n — 3X)?
Finally we obtain
B _ A2 + 8n\ + 4n?
5T AN+ n) (A + 2n)3(\ — 2n)
C(l) _ A2 — 8n) + 4n2
54NN —n)(A —2n)3(\ +2n)
B® _ _ 1
3 1223(X + n) (A + 2n)(3\ + 2n)
1
C§3) —

T 1223(A — n)(A — 2n)(3X\ — 2n)

3.4 4th order solution

In order to obtain z4, we take in the right hand side of (31)

9 o) 6y 7)\2 + 2071,2 .
= By’ + —
m V4 3 03 2(/\2 n2)()\2 ] 2)3 ?

then a term of cosw does not occur in it, Now we put

(43)
(44)
(45)

(46)

(47)

Ty = nO{Bf) cos(w + 2w') + B cos(w + 4w') + C cos(w — 2uw') + C* cos(w — 4uw')} (48)



then we get

2 1 3 3

B _ —m2V2B§ ) + B:(») ) + Bg(, ) BW _ Bé )
4 n? — (n+ 2\)? TR T R (n 4 40)2

2 1 3 3

RS RS A T W
4 n? — (n — 2X)? Tt T 2~ (n—40)2

from which we obtain coefficients Bf), Bf), Cﬁz) and C’f) as functions of n and A :

5\ + 5n\ + 2n?

(2)
B” = — 49
4 3A4(\ 4+ n)(A 4 2n)3(\ — 2n)(3\ + 2n) (49)
o® _ _ 5A% — 5n\ + 2n? (50)
4 BMA —=n)(A—2n)3(A + 2n)(3\ — 2n)
1
B _ 51
L 96M(A + n) (A +2n)(2) + n)(3) + 2n) (51)
1
(4 _ 52
Cs 96 X4 (A — n)(A — 2n)(2) — 1) (3N — 2n) (52)
3.5 5th order solution
An equation determing x5 is
is + nPxs = —m2(vszo + v4T1 + V3Ty + voz3) + 224 cOSW (53)

in the right hand side of this equation, terms of v5 and z, generate a term of cosw. In order
not to do so, we take
Vs = 0 (54)

Now we put
- no{Bél) cos(w + w') + B cos(w + 3w’) + B cos(w + 5u')
+ 5 cos(w — u) + C5Y cos(w — 3ur) + G cos(w — 5w} ; (55)
then we obtain

——m21/4B£1) — m2ygB§1) + Bf) —m2V4C§1) — mzz/gCél) + C'f)

B — o —
S n? — (n+ \)? ’ 5 n? —(n—\)?

BO _ —m2B® + BP? + B 0P _ —m2,CP + P + cY
° n? — (n+ 3))2 ’ 5 n? — (n —3))?

o B I
n2— (n+50)2 ° n? — (n — 5A)?

Finally we get Bél), Bé?’), BéS), Cél), Céa), CéS) as functions of n and X :

3 11608 — 13nA% 4 94n2 2% + 32133 + 64142 + 80n° )\ + 32n8
6A5(A2 — n2)(A2 — 4n2)3(\ + 2n)2(3X + 2n)

B{Y = (56)



o _ 1168 + 13nA% + 94122\t — 320303 4 64n*)\? — 80n°\ + 32n8
5o 6A5(A2 — n2)(\2 — 4n2)3(\ — 2n)2(3\ — 2n)
BO _ 13X\% + 12n) + 4n?
5T 3EA (A4 1) (A2 — 4n2) (A + 2n)2(2) + n)(3) + 2n)
0B _ 13\% — 12n\ + 4n?
5 3BM (A —n)(A2 — 4n2) (A — 2n)2(2\ — n)(3\ — 2n)
(5) _ 1

By = RO ) T )@ £ 1) (BN £ 2n) (A~ 2n)

c® — _ 1
> 4803 (A — n) (X — 2n)(2X — n)(3X — 2n)(5\ — 2n)

3.6 6th order solution

An equation determing zg is
F6 + nlrg = —mZ(uﬁzO + U5y + vy + 13T + 1oTy) + 225 cosw’
If we take in the righr hand side of (62)

4(290* 4 232n2 )% + 144n*)
OZ —12) (2 — 4n2 (902 — 4n2)

a term of cosw does not occur in it. Now we put

vy = BY) 4 O =

Tg = no{Béz) cos(w + 2w') + Bé4) cos(w + 4w') + Béﬁ) cos(w + 6w")

+ O cos(w — 2u/) + O cosw — 4u) + P cos(w — 6u)}

then we obtain coefficients BéQ), Bé4), Béﬁ), CéQ), é4) , C’é6) :

—m2V4B£2) — mQI/ngQ) + Bél) + BE(>3)

B2 _
6 n? — (n + 2X)?
o _ —m2V402(2) - m21/2C'f) + C’él) + C’é3)
6 n? — (n—2\)?
B(4) _ —m2V2Bi4) + Bég) + Bés)
6 n? — (n+4X)?
0(4) _ —mQVQCf) + Cég) + CéB)
6 n? — (n — 4X)?
5
B® B
6 n? — (n + 6)?
5
C(G) _ Cé :
6 n? — (n — 6X)?

(57)

(58)

(59)

(60)

(61)

(62)

(63)

(64)



3.7 Form of solution of Gyldén-Lindstedt equation

From the above discussion, we see that the solution of Gyldén-Lindstedt equation (1) is

expressed as follows

+o00o
xznOZAicos(eriw'), w=nt+a, w=\t+p3; (65)

1=—00

where

Ag = 1 (66)
Ay = eBY + 2B + 5B 1 (67)
A =¢ C’{l) + 63C’§1) - 55Cé1) +--- (68)
Ay = 62352) + 54B£2) + 56Bé2> + e (69)
Ay =eCP + 0P + 500 + - (70)
As =eBY + 5B + - (71)
Ag=eCP +e50P + ... (72)
Ay =e*BYY + 5B + .. (73)
Ay = 54C’i4) + 56C’é4) +--- (74)

4 Detemination of n as a function of m and \

We see in the precious section that the solution of Gyldén-Lindstedt equation (1) is expressed
by (65), coeflicients of which are functions of n and . But as given parameters are m and )\,
so we must determine n as a function of m and A.

From the definitions (24) and (25) we see that

n? =m?(l —v) =m? — ®m?ry — e*'m?uy — ¥mirg — - - (75)

4.1 Solution up to &2

In this case we put n = m in the right hand side of (36), giving

2¢? 2¢?
2,2 _
em U2_4m2—/\2 T2 — 4m?2 (76)

therefore we obtain as an expression up to &2
2¢? 2¢2

2 .2 2
n“=m e m +>\2-—4m2 (77)



4.2 Solution up to &*

In this case, from (75)
n? =m? — e?m’y, — e*m?y, (78)
Of the right hand side of this equation, a term of €2 i.e. m?vy is given by (36), so we substitute
(77) for n? in (36) ; and we put n = m in the term of e* i.e. m?vy.
First we substitute (77) in (36)

2y 2 2 {1+ 82 }
2= N2 _ A2 2 4212
A N2 — dm (2 — 4m2)
A2 — 4m?2
2 6

TN CamE T (N —am2)p (19)

Next we put n = m in (47)

A2 + 20m?
2uy = 80
o 2(A2 — 4m?)3(\2 — m?) (80)
Substitution of (79) and (80) in (78) gives
Wt me 2 16 4 TA? + 20m? .
TN g2 T D2 —dm2)E T 200 — Am2)3(2 — m2)
. P 25X — 52m et (81)
B m? X2 — 4m? m? 2(A% — 4m?)3(A2 — m?)

From this, we obtain an approximate expression up to €* :

m 1+ 1 2 2y 1 252 — 52m? £ 1 4 o
n = —_— —
2m2 A2 — 4m? 2m2 2(A% — 4m?)3(\2 — m?) 8m# (A2 — 4m?)?
1 22% — 35m2A? + 60m*
- 1 2 4 82
m { T —dm?) T ma( — amP(E —m?) ] (82)
4.3 Solution up to &°
In this case we substitute (81) in m?ve, (77) in m?vy, and we put n = m in m?vs,
Fisrt we substitute (81) in (36), giving
2 16 12(19X% — 28m?)
2, _ _ 2 _ 4 83
M= T e T D2 —dm2)3C T (e —dm2)p © (83)
Second we substitute (79) in (47), from which it results that
2 2 4 212 _ o
ity X+ 20m 3(37\* + 16m2\? — 80m?) )

2(/\2 — 4m2)3()\2 _ m2) + </\2 _ m2)2()\2 _ 4m2)5



Third we put n = m in (63), followed by
) 4(290* + 232m?\? + 144m?)

mve = (A2 —m?)(A2 — 4m?)5(9)\2 — 4m?) (85)

Substituting (83)~(85) in (75) and arranging it, we obtain

n2 - m2+ 2 82 + 25)\2 - 52m2 84
B A2 —4m? 2(A?2 — 4m?)3(\2 — m?)
1169X° — 5164m?A* + 7280m*A? — 2880mS . (36)
(A2 —m?2)2(A2 — 4m?)5(9\2 — 4m?) ’
from which it follows that
ol 1 s 2N = 35mPN 4 G0mt
PET T e —4m) ¢ T amd (N — am2) (N — m?)

_ 180 — 413m2 )8 + 4705m* A8 — 15260m8A* + 18480mB\? — 6720m1° R (87)

4mb (A2 — m2)2(A2 — 4m?)5(9A? — 4m?)
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